§ Surfaces i R3

Q: Which one do we want to consider as Surfaces , 9

Cavners

Q N
P\ane SP\«e\re torus \/ F

YE S Cusp self -

ey sect von

No

'S 'S «w 4 @
Basic idea: A Surface is awn ob)ect +rat lQCalhj

@looks like a piece o R:.

Defivition : A (_feﬁu\wr) surface i a subset

S ¢ R
st VPES T ned. o p (MS) VES
and a smooth wap (called Pa'mmetnu'h‘on/
X : W e I‘R" —s V
AN open
st (1) X: U =V is a homeomorphism.
¥ (2) The differenticl dX\% 6w -4 V3eU,

chart )




E_)(P‘avla‘h‘ov\ on

: Move exphertly,

X(u,v) = (x(u,v),‘j(u.v),%(u,v)) , 2: uvweUu

The differentral of X ot '(’Gu is o lfuear wap
Xm?’ R — R

which can be expvesreé tn wmatrie fovw (wat, std besis )

9x 99X
dX| ou oV | I
= ° 9 =: 22 2X
V| S B ou BV
%2 2T |
Su oV 1 1
d,XLk s 4-4 <= %(xi :g—vg ore L'nea&j \‘V\d@?ﬂﬂéed.
E%ample 1: Graphv‘cal surfaces
Givew o swooth fanction : UCR‘L — R
¢x.9,Fxm) S S = %“"\’h( )

2= (xv (x.j)e’uy
9

s a (rejulm) Suiface .
U



(Ai\'jz Cownsider +he swooth w\aP

3
X = U cRf — S e R
/] v
(u,v) —> (u,v, (uv))

Clearly, X:U—>S is a homeowmorphism

2X _ e

3M - ( | r o [J au ) alwA\o; IQ,"V\Qﬁ"Aj
°2X ° Thée‘;ev\éewt ,
>y = (o, 55)
oV oV

E)(amplef of @rop\«ica\ Sut'faoes

(¥9) :ax-eb-g-rc = p\anes
‘ (¥ v) = >+ ")2 — Po«abo\o?é

(Xv) = - no" = hwq,r\,o\oté

P\awe PO‘&""‘“‘A ‘mopube(o?d

Note: The eutive swiface cown be ceovered b~a 1 chert.



E)(aw\Ple 2 : Torus of revolution

S={(Fy.ay+e= '

whevre a>v >0 ove cavstents.



§ Differential Caleukus own surfaces

3
Recall fhet « $u1‘faca, i¢ o subsef S < R

Coveved b\j p avam etrizations .
. v
' X

[
Coovdinate e c o3
S'«Jsfew\ S S R

] : {ETX: ‘;—'\’Xg L, rndeP.

1 dn :]: 2‘2 ;

Examglzs : Sp\neves , torus , Graphs = 'F(x,g Y ..

GO&Q: Do caleulus own surfaces .
Let's vecall two fm?od’au{- +heorems —from wmultivariale calevlus .

Twverse Fuwnction Theorema

Let F:'uQI'R“—vﬂ?“ be a smooth map . PoeU.

™ “
S'uﬂ»om dF‘P : fR"-—)l?

Thenw, F ¢ a local di ffeomorphinm neav .

0. D wed U €U o P st
:u — Fu)
Fl,

¢ a linear .‘romorph:ew\ .

S a d?#eomov\»mrm, {e. swooth , bijec-h‘ve with Swooth

invexsse .



dFI P 150Movphyism
2
F:u' = Feu)y
d;'f'feoMOrph"M o

S
S

Impl.‘c:-t Functhon Tkeorew\

let F =F(x,9.,2): OcRP— R ‘o swmooth Famction
Consider #e level surface of F  of a e R

FOZa) ::{pe O:Fw):a} ,

-l ' F
S'uPpoSQ ?o= CXO.'Jo.'ZO) € F (a) and m
Then, 3 a nid VR of Po

& a Suoothh Function

Flaynv = graph (£)

= {(""ﬂf‘ﬁ",ﬂ)) Ly eus‘



jmplfc(t 'JEWMLM Hheorem

F(xv,2)=za

Pro?osm‘om: An.a surface S € fR3 is lomug a gfa_\,b,,
ie. foreach pe S 3 wd V of p i« S st

V = {-Z: (X,'a)]) oy {'j = (X,z)]) or {X: (,‘ﬂ,-Z)I,
~ov Some smooth function : U € Rz_v R .

Proof; Fix P€ S , 3 pammfn‘za'hbn

o

X_ : Ue |R‘ — V¢ S , X(u,v): (x(u,v),jw.v),%w.v))
W YU

3 r—>FP

st L
ot ou 2 2
ou ov is 1+-1
ris 2
o= gv ((=) vark = 2 )

(<=7 I 2%x2 iuvertible
Submetrix )



83 Imerre F\Av\ch‘o\n Tlteore,w" localh’ we Can Solve n,v
in teams of X9, i€

U= Uwx.9y) > 'OCA"g neer P ™ S |
¢ Hae Starh OF +he 'F\"\c—""m

Z (w9, Vi)

V=V (¥y)

Gn‘ven a Swooth function = R‘ - R ,
for each & e R , CownSider <+he leve | set

F-'(Q):: {pe R*: Fip=zal

Def=: 24 is a r25u|cv value of F
1 VeeF'(», VF| +o0.

Theorewy: F.(!a) 1 o S‘(u‘fau ~fox auD \"esulcr valkha Q& d'f F

~
'}

-
Proa‘f: The imph‘c-"f Ffunction +Hworem |‘mPI¢ec 4hat F(Q)

locally a groph, Wence it is o Susfac |

E_’_P—-xa'”‘ k: F(x.4,2) = xt-hf(r 2°
-
Fo)-= Sphere & rodias IE

@ -
S\'hjv«.df when Ol =0 SR

= 0.

NVF () = (2%,29,2%)



§ Cl«omae “f Pafo“‘@'['eVg/CAOrdt‘na{'eS

COV\S?de a ‘Do\‘n‘i' P € S Covered bj two coordinate sas'("ems

Se R

v, ul ~ uz
transiti
i’ -l
| LU W= XX u
W : —> U
%2 : 74(., ~>ul’

Cla-‘m: \}’,2 : ‘u,' — fuz’ T a d?#@oynorphffm
( betweem open sets in R*)

% C'eaf[j, LP(; 1S a ('bov\ﬂeolMOrP\ﬂﬁ'm witw
- -l - |
thverse 2 - q‘Zl = X| °Xz : ’uz' ‘qu:
Tt remams fo show 4hat ¥, is swooth-

gfh& S 3 lO(ANo o 9(0\‘910 . S‘aa over x'a'?\d-lﬂ-t.
Lﬁ"' T[: (R3 — tRz be +he Pﬂjec{'q’on wep anbto Kn r‘alau&.

-n\nnn, - -1 /
(#Iz =Xz°X|=(7Ton)oT|’o X. Smooth !
\M e ——
Smosth maps ow R*> R fR’-) R Ro '.RS
open svhsets



Sg Pifferentiobility

e now defing +he concept of "’ di-FFercw('?abilito" of “unctions
Tato and out af a S'N"GGC& S < (Rg .
De{ﬂ: A ‘FMV\C‘I’«'OV! -f < S —_— fRn S Smooth
if {°X:ugsz———?ﬂ?“ s Smooth
£or ANY pacametrzation X :UCR —> S

Rew\uk: Qrmae chanse af Coordimates \Plz are Smooth

d(FfeomoV?lairms, we JMS‘(‘ have +o check Simoothness

on SoME collection ot Pafamz-trizaﬁ‘ov\s cove,rv‘nj S

e

3
EXamVle; (Restn‘c—ﬂon oﬁe Smooth "Func‘h‘ov\y on R )

be a Swmooth functiom

et £: VER — R

st. S c \/ | thew
g —> R ts Swmooth.
.F\s 1

+he restrict of +he coordinate £fum cthions

In Par'{'icvdav ,
S oce smogbh Tunctions.

X,(a and 2 to

FAcT: £,4:S>R => £+9 , F9 , s

Smooth Smooth
(if well -defined )




Def2: A map +: UcR —> S is smooth

. A 3
wf it S smooth as o meap -F-,’u,gc'R — R .

EXGW\E'C: Cuuver own a S‘w‘Fac&
Let l: T — R be a space cuve with a(I)e S

Then, o : TJeR — S 1S sSwooth.
Se R
A1)
*’ //
I
—>—)r— R ’
%: A mop + - Sl"—7 Sz betweem two swrfaces S
Smooth f Fo X, : e R —> S; €R> i mmooth
‘FW any) \)a;amz-(:r!zahow X| 0{’ S| .
S\ £ S
o[ (/7
‘$\ /—

/ %: “F:S, -S; d;ﬁeomovpl«im
‘ Q o "F"X. of F is bijective ond
R | £ both smosth,



§ Tansem'l' planes 4 +ne differential of a wap

RQCR'I.- For a smooth wap "F : (MOZ(R" — I'Rm , P eU,

diHesential d'f? : {R" s TRM Liveer mop
S S|

Tl’u T—f () IR

If 'F : Sa — Sz i$ a Swmooth wap between Surfoces .

Olifferentia

of -F d‘FP : TPS' - T-f(F)Sz lineay
at PeS,
fp) S,
-
“fp
S

QMS‘[\‘OV\: How +o de‘Fl‘V\Q it 2

(but e?‘u-‘vale‘«t) roys to defrwe it .

-rh eye o manj

e will use cwrves own curfaces .



Def? . The tangent plane of S o peS
4~ hot um‘ctu.e.'
A swmooth curve of:(-€€)—> S \i

3 L3
-TPS P= { VG?R i St. od(o)=p awd oAlo)= V

Examﬂe: s - F-I(Q) 4ot Sowme resu(av velue @ €1k
P& of o swmosth F: O@R‘—? R.

L te e
Then, TP S = ( AV F lP ) b.o advanced czlenlus
—

%

(]

Eg. Sphese S = Q) s= [ degeder )

Por\"h‘ou v ectov
v _,“/ at P
‘ TS LP

Exesrorse: Prove +his!




DQ-F:' : Let -f: Sy ™ S2 be a swmosth wap betweem Surfaces .

The differevtial of £ ot PES) s a map

d"FP : TpSt — T_H?)Sz

defued as follows : for each € TPS' , choose an«y
cuve O: (-€,€) — S, st. Alo) = ? . ® (o) =

let RB=foq:(-68) =S, w Blor= F(p)

d‘fp( ):-'- g’(o) € T-F(?)Sz

B=F(p) )

A~

B=F.

EQW‘“"" n)e need +o check +hat d—f? e well=

defined (ie. mdependent of +he choice of o) ond

is a lineav wmap befween +ie +an3eu+ planes .

+het It



§Taujen+ Ploves £ ODifferential

usfn% Cuywes own s‘uf-FaczS:

— { ‘R3 3 d: (-8,8) > S S.'t.])
lPS H— € | \ &(0):? , d,(ﬂ):

and  df ((0)) = (Fe)0) T wen-defied 3 linear?

Lewma: Tf X : ungz — 5 S is ANY porametrizatron

v
st. X(%)zves,-ﬁ\m

2 °2X 22X
‘ TS =dX, (R) = spa S v ]

F"o"'f: Toke ama € T‘,S , b.:) definrtion
3 oL: (-g,¢) = S st o((0)=\>-°‘f°)-’-
of necesran) , we cowm oSsume Hat

Qer-tn‘cr.-,:j € >0 swall
Heo toordimate wbd . of X

2
€ dX4(R)

o lies cowpletely wside TS
= 3 B:ee)—>uUck st ’
o= Xef ' >
83 Chain Rule, %_J
= o'e) = X, (E@) v R

=

>
B



We will oftem write a tangeut vector as

as divectione | oF 5F ©
dervivetinve (‘F):: Q a_u + b ‘a-; whart '-Fec (S)

(In ‘fdd', we can defne +au5w+ vectoss as oPera-eovs b~a

divectrounal dersivatives. )

[emma : d'f‘, is well-defiued &£ |iuwear.

P\'OO‘F: Take qmj ‘,Mam.e-(:vfza‘h‘on Q‘E S‘ weaYy ? H
X_’ U < ‘Rz — S,
w v
C} P=X(})

Btj \wew‘ous' lewwra ,
dX,: R — TS < ®

‘!‘V\Q&V
::owov‘;w

-
s (XY 2 TS — R et
Twen ove cown check e_a-ﬂ'lj:

g5, = dl5-K) + (X))
;R:qTﬂW <R \T”S\' —~ &

—~ -~
well-defiwed & l\fwear




Progeth‘e: o diffesential:

() Chain Rule : d(%of)‘,= dg . d“fr

£(p)

2) Tuverse Funchn Theovem

Ana Smootin € . g. — S; with
[~
d'F? . T?gl ';9_‘;(?’91 |tuear Ftoworvhw‘m
s a local diﬁfeomov‘a\m‘m weer P .

3) B £:S >R was dfy=0 Horall peS

and S I8 connected , thewn ‘F = Cownstont.

3 If £:S> R has & local wmax/min et p €S
“+ien o(‘f‘, = 0.

(me‘ Exercises’

-.[Vl other wovds, oll H Comiliar Lacts v calemins

hotd <for fumctions defined on suifaces .

We now look ot an r‘w('eferh'.j apph‘cwh‘ov\ of Hais
Coweet i Linear Algebra .



Application ( Spectral Theorem )

Show +at omY) symmetric A e M-m(m) has anw

orthonovwmal ev‘jembaﬂs.
2 3
Proaf : Consider +he function om Har wnit sphere T eR™:

K3
L2 T —>R Smooth !
v w

P —> <Ap,p>

Lemma: d.F? =0 <=> A P - ‘P(? ) P
le. Pe Sz is etgenvector o A

with ev’swv clue £ p)

(3
%Q‘F‘ No+te +hat "F is the restriction O S of a
Swooth fuuction :
F: R® — R
(/]

V]
P——><Ap,p>

-H: we weite P= (x.'a,-l) , Haen F is a hwojenwus

%uadva-h'c ‘:o\.auow\ial W x.9 R, hewce

dFP( ) = 2<Ap,v> vve R
vestn'ct

= dfe: Tt — R, dfplv)= 24Rr V0
t TpS "

[veRl: vip]



‘I’hue{m, d‘FF =0

<D {Ap,v> =0 v all G—fRs st. .L"

<= AP:AP Lox Some AGR

( £p) = <Ap.p> =<app>=2)

This proves +the lemma.

Tf £ = constaut | trem A = Al

T.‘G ,.F‘*- conistaut , *hem SinCR gz s oow\rcc'l'
3 PisP. € Sz s4.

£(P) = max£ > £(R) = min £
<* S

A sawm.v(wc = PLP ~> Pg = Pyx P,

Clasm: PS 'S amwn er‘jeuveC’(’w of A

P AP, RS> =<Ps, AR> = F(P)<BAY =0

S‘!'lm{lml«a, <AP3,P2> =0.
“Therefore, APy / Ps .

Heucz, {Pu , P2, P;]) s aw Ovihonormel erge«basis

Ffor -+ symme e metrx A .




§ Vector ~{ields on S‘wr'fac.es

Mﬂ: A vectovr field om S Xy 30\3“' a swmoath wap

V:S — R
eV tangewtiel $ Vipp eT,S VpeS
¢ V normal ot \/(?) J.T‘,S VFC—S
DQ'F!: A suyface S € Rg is ovientable

i D umit nomwmal vecter fretd N : S — R
ie. N LTS, IN(|=24 VpeS

3

Exaw‘p\es :

/‘L

1> 2

*
!

P\auQ

Ve NoT
/

(0
Mobius orientzhle .

strip” n <

N “P"‘P’ afler fmvelmj

Cdund e Ceutre| Crrcle Ouce .



Rowarks: (1) Any orientoble suwrface S has exactly 2

disttuct ovientetions | N owd =N

(2) On‘ewfabm‘h) i a 3lobal proPed-a .

N

FAcT: P\nj surface ?s“|oo&“\a oﬂ‘ewl'alalt".

Fix a chavt X UeR — VES

X gz
.= 2u ov
‘aTa X “ov "

unit norwmel vector Fetd
defived !ocallo on V

Ex. Cau You find another v
N
Padam-('ﬂta‘h'ov\ et rnduces 1

+he oPPo:v‘te ortemtetion ?




(3) One can also define Offm’fab'\"‘*a Fromr an intrimsic

point of view :

A Swmooth n-wmanifotd M s orientable f

3 ollection o‘f chasts {X“: uagm‘_; M") st.

&-‘sz (u.f) =M ond Hhe £romsition waaps

LK(F :XF"X,,‘; uqi’ uF

ove oviemtetion ‘werc:vv‘uj d.‘-FfeomovVWMS.

Exavales‘ of orvientable surfaces

() Gra‘,bn‘ca| sucfaces

S = groph(F) Fov F:UES R >R smooth

(2) Level surfaces

S = Ftay

whwe aelR is a reju\hv value of F:\'Rg—auR swmoath

Exua‘:e . Prove +hat 'H«eo are orienteoble ?uv-fads,



§ Differentral +0|>01039 of swrfaces

Def2. A surface S ¢ ng is closed

;‘F S s ww?ac'(' w Hhovt bOw"éN‘/&.

C lassif ¢ cation of Suvfaces

A closed orvientable surface IS howm eomorphie 40 owe awd

owla owe of +ie 'Fo\tow!‘ujt

) O ED-ED
o 1

2 9

3%&&5 :
(?-e- number

of ko‘e!)

E uley . o - 2
chavacterietc = 2

%

Remerk: There is also a classifreation of neun-orieutable

Closed S‘ur'FaczS gq‘vem % +he real F"Ojed’f\ﬁ ?la.,‘g’

2-'2%

Klecn bottle , etC... ...



We state +wo iwportawt thesvews whose proof witt be

owmited here.

:Fardan Brouwer SePafa‘h'OV\ Theorem

2
Auj counected closed surface S QRS Separates R” iwto

Qxcc-ﬂj +wo cownected ODW!\,QMW'(’S:

Rg \ S = Q?n v Qoa‘t

st. 1) Lin is bounded while ngt is unounded

@ 9Qin = S = I out

Brouwev - Samelson's Theovesm

Ama closed surface S € R® is oviewtable.

> S s [‘lo'meowovplm‘c ‘o one of e sucfaces ™ (3¢)
( d';#e@ Morph v'c)



